Appendix-I
Formulation of Dynamic Stiffness Matrix
The expression for n™ mode shape (undamped) for vertical vibration of the - segment of
the bridge deck is given by

¢.(x.)=A cosf, x +B, sinfBurx, +C, coshy, x +D, sinhy, x
(36)
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where Ay, , By, Cyr and Dy, are the integration constants expressed in terms of n™ natural

frequency of vertical vibration w,, and
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in which E4 and I, are the modulus of elasticity of the bridge deck and vertical moment of

inertia of the beam segment r of the deck respectively; W, ,g, N;, Ny, C, are the dead load

per unit length of the beam segment, the acceleration due to gravity, the axial force given to
the beam segment r due to cables, number of beam segments and damping of the - segment
of the bridge deck respectively.

Depending on the number of dynamic degrees of freedom there can be four types of
dynamic stiffness matrices (Fig. 14).

(a) Moments present at both ends:

Using Eq.36 and expressions for the end displacements {X}, and end forces {F}, at the
two ends of any beam segment r, both the end displacements and end forces can be expressed
in terms of integration constants as

{X}:=[A] {C}: (37)
and

{F}r = [B]: {C}« (38)
where [A];, [B]; are 4x4 matrices and {C}, is the vector containing the constants A, By, etc.
Expressing {C}, in terms of {X}, from Eq.(37) and substitution of this into Eq.(38) follows

{F} =[] 4] {x}
= [K]{x},

Also, from Eq.(37), {C}, may be written as
e} =[x},
= [ ]r {X}r

The elements of the 4 x 4 matrices [K]; (symmetric) and [R], may be expressed as follows:
ki1 = G( sinA coshA + cosA sinh)),
ky2 = -G sin) sinhA/B, k3 = -G(sinA + sinhA),
k14 = G(cosA coshA)/B,
k2> = G(sin\ cosh) -cosA sinhA)/P%, ks = -kys,
ka4 = -G(sind  -sinhA)/P% kaz = ki1, ks = ko,
kag =kn



where B = B, A =P 1,, G=E I, B*/(1-cosA cosh)), and

r;1=-H( 1 + sin\ sinh A - cosA cosh L),
r12= H( sinA cosh A - cosA sinh A ) / B,
r13 = -H( cosA - cosh L),
r14 = -H( sinA - sinh & )/B,
r21= H( sinA cosh A + cosA sinh A ),
12 = H( 1-sinA sinh A - cosA cosh A)/B,
123 = -H( sinA + sinh 1),
g =-113/B, 131=-1n P, I3=-Tp, 133=-T13, I3y=-Ti4,
=11, T=-Tn/B, T3 =-ra3, T =113/,
where H = 1/2(1 - cosA cosh ).

(b) Moment zero at the right end:
Eliminating the constant D, (see Eq. (36)) using the zero moment condition, and
following the procedure as in case (a), the elements of the(3 x3) [K], matrix and
(4 x 3) [R]; matrix are obtained as:
ki1 =2 S cosA coshA,
k12 = -S(cosA sinhA + sinA coshA)/j,
ki3 = -S(cosA + cosh)), kp, =2 S sinA sinh?»/Bz,
ky3 = S (sink + sinhA)/B, ki3 = S(1+ cosA cosh)
where S = E I, B*/ (sin) coshA - cosA sinhA), and
ry; = -T sinA coshA, 11, =T sinA sinhA/B,
r13 = T(sinA + sinhA)/2, ry; = TcosA coshA,
12y = -T cosA sinhA/B, 13 = -T(cosA + coshA)/2,
r31 = T cosA sinhA, 130 = -115, 133 = -I73,
141 = (1] COSA + a1 SinA - 131 coshA)/ sinhA,
142 = (r12 COSA + 1y sink - r3; coshA)/ sinhA,
143 = (13 COSA + I3 sinA - r33 coshA)/ sinhA
where T=1/ (sinA coshA - cosA sinh)).

(c) Moment zero at the left end:
Similarly, eliminating C, (see Eq.(36)) using zero moment condition, the
elements of the two matrices are expressed as
ki1 = S(1 + cosh coshA), ki, = -S(cosA + cosh),
ki3 = -S(sinA + sinhA)/B, ko = 2 S cosA coshA,
ko3 = S(cosA sinhA + sinA coshA)/j,
k33 =2 S sinA sinhk/[.’)z, and
r=-1/2,1,=0,135=0,
21 = T(1 + cosA coshA + sinA sinhA)/2,
12 = -T coshA, 13 = -T sinhA/B,
131 =-1/2,13,=0,133=0,
r41 = T(-1 + sinA sinhA - cosA cosh))/2,
r42 =T cosA, 143 = T sinA/B.

(d) Moment zero at both ends:
Eliminating both C,; and D, (see Eq.(36)) from the zero moment conditions at
the ends, the elements of (2 x 2) [K]; matrix and (4 x 2) [R]; matrix are derived as



ki1 = Q(cosA sinhA - sinA sinhA),

k12 = Q(sinA - sinhA),

ky = ki

where Q = E I, B*/ (2 sin\ sinh)), and

i =-1/2,112= 0, 151 = ¥ cotA, 12, = -1/2 cosecA,
31 = I11, I32 = I'12, T41 = Y2 cothA, 14 =-1/2 cosechA.
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