
Appendix-I 
Formulation of Dynamic Stiffness Matrix 

The expression for nth mode shape (undamped) for vertical vibration of the rth segment of 
the bridge deck is given by  
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where Anr , Bnr , Cnr and Dnr are the integration constants expressed in terms of nth natural 
frequency of vertical vibration ωbn  and  
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in which Ed and Ir are the modulus of elasticity of the bridge deck and vertical moment of 

inertia of the beam segment r of the deck respectively; 
−

rW ,g, Nr , Nb , Cr are the dead load 

per unit length of the beam segment, the acceleration due to gravity, the axial force given to 
the beam segment r due to cables, number of beam segments and damping of the rth segment 
of the bridge deck respectively. 

Depending on the number of dynamic degrees of freedom there can be four types of 
dynamic stiffness matrices (Fig. 14). 

(a) Moments present at both ends: 
Using Eq.36 and expressions for the end displacements {X}r and end forces {F}r at the 

two ends of any beam segment r, both the end displacements and end forces can be expressed 
in terms of integration constants as 

{X}r = [A]r {C}r        (37) 
and  

{F}r = [B]r {C}r        (38) 
where [A]r , [B]r are 4x4 matrices and {C}r is the vector containing the constants Anr , Bnr etc. 
Expressing {C}r in terms of  {X}r from Eq.(37) and substitution of this into Eq.(38) follows 
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Also, from Eq.(37),  {C}r may be written as 
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The elements of the 4 x 4 matrices  [K]r (symmetric) and [R]r may be expressed as follows: 
k11 = G( sinλ coshλ + cosλ sinhλ), 
k12 = -G sinλ sinhλ/β, k13 = -G(sinλ + sinhλ), 
k14 = G(cosλ coshλ)/β, 
k22 = G(sinλ coshλ -cosλ sinhλ)/β2, k23 = -k14, 
k24 = -G(sinλ  -sinhλ)/β2, k33 = k11, k34 = -k12, 
k44 = k22  



where β = βnr, λ = β lr, G= E Ir β3/(1-cosλ coshλ), and  
r11 = -H( 1 + sinλ sinh λ - cosλ cosh λ), 
r12= H( sinλ cosh λ - cosλ sinh λ ) / β, 
r13 = -H( cosλ - cosh λ ), 
r14 = -H( sinλ - sinh λ )/β, 
r21= H( sinλ cosh λ + cosλ sinh λ ), 
r22 = H( 1-sinλ sinh λ - cosλ cosh λ)/β, 
r23 = -H( sinλ + sinh λ ), 
r24 = -r13/β,  r31 = -r22 β,  r32 = -r12, r33 = -r13,  r34 = -r14,  
r41 = -r21,  r42= -r11/β,  r43 = -r23 ,  r44 = r13/β,  
where H = 1/2(1 - cosλ cosh λ ). 

(b) Moment zero at the right end: 
Eliminating the constant Dnr (see Eq. (36)) using the zero moment condition, and 
following the procedure as in case (a), the elements of the(3 x3) [K]r matrix and 
(4 x 3) [R]r matrix are obtained as: 
k11 = 2 S cosλ coshλ, 
k12 = -S(cosλ sinhλ + sinλ coshλ)/β, 
k13 = -S(cosλ + coshλ), k22 = 2 S sinλ sinhλ/β2, 
k23 = S (sinλ + sinhλ)/β, k33 = S(1+ cosλ coshλ) 
where S = E Ir β3/ (sinλ coshλ - cosλ sinhλ), and 
r11 = -T sinλ coshλ, r12 =T sinλ sinhλ/β, 
r13 = T(sinλ + sinhλ)/2, r21 = Tcosλ coshλ, 
r22 = -T cosλ sinhλ/β, r23 = -T(cosλ + coshλ)/2, 
r31 = T cosλ sinhλ, r32 = -r12,  r33 = -r13, 
r41 = (r11 cosλ + r21 sinλ - r31 coshλ)/ sinhλ, 
r42 = (r12 cosλ + r22 sinλ - r32 coshλ)/ sinhλ, 
r43 = (r13 cosλ + r23 sinλ - r33 coshλ)/ sinhλ 
where T=1/ (sinλ coshλ - cosλ sinhλ). 

(c) Moment zero at the left end: 
Similarly, eliminating Cnr (see Eq.(36)) using zero moment condition, the 
elements of the two matrices are expressed as  
k11 = S(1 + cosλ coshλ), k12 = -S(cosλ + coshλ), 
k13 = -S(sinλ + sinhλ)/β, k22 =  2 S cosλ coshλ, 
k23 = S(cosλ sinhλ + sinλ coshλ)/β, 
k33 = 2 S sinλ sinhλ/β2, and 
r11 = -1/2, r12 = 0, r13 = 0, 
r21 = T(1 + cosλ coshλ + sinλ sinhλ)/2, 
r22 = -T coshλ, r23 = -T sinhλ/β, 
r31 = -1/2, r32 = 0, r33 = 0, 
r41 = T(-1 + sinλ sinhλ - cosλ coshλ)/2, 
r42 = T cosλ, r43 = T sinλ/β. 

(d)  Moment zero at both ends: 
Eliminating both Cnr and Dnr (see Eq.(36)) from the zero moment conditions at 
the ends, the elements of (2 x 2) [K]r matrix and (4 x 2) [R]r matrix are derived as 



k11 = Q(cosλ sinhλ - sinλ sinhλ), 
k12 = Q(sinλ - sinhλ), 
k22 = k11 
where Q = E Ir β3/ (2 sinλ sinhλ), and 
r11 = -1/2, r12 = 0, r21 = ½ cotλ, r22 = -1/2 cosecλ, 
r31 = r11, r32 = r12, r41 = ½ cothλ, r42 =-1/2 cosechλ. 
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